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Orbital degrees of freedom and ordering phenomena in a 4f system
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Abstract

Due to orbital degeneracy, a 4f electronic shell has the ability to distort when influenced by an electrostatic, magnetic or collective

intersite field. In case of collective phenomena, the 4f asphericity which develops may result in a strain mode and/or introduce a new

charge periodicity. The first is accessible via dilatometric techniques whereas the second needs a microscopic probe, X-rays, to be

detected.

To illustrate the efficiency of these techniques for sensing the 4f asphericity, the study of NdMg’s collinear and multiaxial phases

is introduced.

r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction

Except for gadolinium, the ground state of a rare-earth
atom carries an orbital degeneracy in addition to the
magnetic one. This results in the ability for the electronic
shell to distort when submitted to an anisotropic
electrostatic or magnetic influence. In a crystal, the
orbital degeneracy is partly lifted by the crystalline
electric field: the less symmetric the site occupied by the
rare-earth, the lower the degeneracy of the crystal field
levels. Therefore, orbital effects are more pronounced in
systems where a highly symmetrical crystal field preserves
a large orbital degeneracy. This is particularly true in the
case of cubic systems for which no quadrupolar 4f

moment can result from the crystal field.
With the availability of orbital degrees of freedom,

orbital phenomena of single site or collective nature are
to be expected. Single site phenomena can be most
carefully investigated within the orbitally/magnetically
disordered state and will not be further considered here.
Regarding the collective phenomena, one has to
distinguish between two main situations [1,2]:

(i) the orbital degeneracy, through an effective cou-
plings between orbitals, is the driving mechanism of

the ordering. This is the case of the so-called
cooperative Jahn–Teller (JT) effect which is to be
expected as soon as the crystal field ground state
degeneracy is higher than the Kramers minimum.
Then the rare-earth site symmetry is collectively
lowered by a strain mode and the 4f shells assume a
new shape. In some cases, the dominant orbital
coupling does not result from a strain mode but is
mediated by electrons or phonons (non-JT). The
most general definition of such ordering situations,
JT or non-JT, is that of a quadrupolar ordering.

(ii) the orbital degeneracy is reduced as a consequence
of an ordering whose primary order parameter is
not of orbital nature. This is by far the most
common situation for rare-earth metallic com-
pounds in which a magnetic order usually develops
at temperatures higher than any potential quad-
rupolar order. However, the couplings between
quadrupoles may play a significant role within the
magnetically ordered states. They have been proven
to determine the multiaxial nature of magnetic
structures or to influence the magnetic transitions,
both in type (from second to first order) and critical
temperature or field [3].

The two points above underscore the critical im-
portance of the 4f orbital arrangements in the ordering
mechanisms of rare-earth compounds. Determining the
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4f distribution within the ordered state should provide
valuable information for characterising the order at the
microscopic scale and identifying the role of the orbital
couplings. This is difficult to achieve experimentally, as
this requires detection of a slight deviation from sphericity
for an inner electronic shell. A few techniques may be,
however, considered in view of such an investigation.

In the paramagnetic state, due to the single site
behaviour, spectroscopic techniques can provide one
with the crystal electric field energy scheme. Then, from
a single site approach, using a quantum description of
the atom, one can determine the 4f aspherical distribu-
tion resulting from the crystal field.

Unfortunately, due to the variety of collective
excitations which may occur, such an approach cannot
be extended to a magnetically or orbitally ordered state.
In that case, if the changes in the asphericity propagate
at the centre of the Brillouin zone (q ¼ 0), the coupling
of the 4f shell with the lattice (magnetoelastic coupling)
provides a means to access the quadrupoles values via
macroscopic (dilatometry) or diffraction (X-ray, neu-
tron diffraction) techniques. Such techniques are useless
if the 4f asphericity develops periodically (qa0) as then
the strain should cancel. In this case the only effective
probe remains X-rays, which directly couple to the 4f

shell electronic distribution. In concomitance with the
magnetic/orbital ordering, extra diffraction peaks re-
lated to 4f multipoles should appear in agreement with
the new charge periodicity of the system.

To illustrate these techniques and analyses, an
investigation of NdMg magnetically ordered phases is
here introduced.

2. Principles

2.1. Quadrupolar moments

In the description of the 4f shell, the Hartree–Fock
like potential determines a same radial distribution for

all 4f electrons. To the relevant orders of perturbation,
the rare-earth environment acts only on the angular
distribution and the radial part will not be further
considered here. For a rare-earth ion located at a site
which has the inversion symmetry, this angular dis-
tribution can be decomposed into a sum of even order
spherical harmonics. For the cubic symmetry considered
here, the main changes in the 4f asphericity will appear
at the second order, that is for the ‘‘quadrupolar’’ part,
r2ðy;jÞ; of the angular distribution. Fourth and sixth
order terms, which are already ordered by the crystal
field, are not expected to be significantly affected by the
ordering phenomena. Instead of using spherical harmo-
nics, the r2ðy;jÞ distribution is written here using a
basis of real angular, orthogonal, functions (see Table 1
for their definitions) which correspond to the usual
quadrupolar operators:

r2ðy;jÞ ¼ c02Q
0
2ðy;jÞ þ c22Q2

2ðy;jÞ þ cxyQxyðy;jÞ
þ cyzQyzðy;jÞ þ czxQzxðy;jÞ:

To obtain the cm
l coefficients of the expansion, five

normalised scalar products are to be expressed. For
instance

c02 ¼
5

16p

Z Z
y;j

Q0
2ðy;jÞr2ðy;jÞ sin y dy dj:

In a quantum description of the 4f shell (the method is
detailed by Schmitt in Ref. [4]), the r2ðy;jÞ distribution
results from a thermal average over n-electrons wave
functions. Each eigenstate contributes to r2ðy;jÞ
through the square modulus of its angular wave
function times a Boltzmann factor. The angular
integrals defining the cm

l coefficients can be then
identified with matrix elements of n-electrons angular
operators as listed in Table 1. Using Stevens’ equivalent
operators method, such integrals are reduced to matrix
elements of total spin operators [5]. These equivalent
operators are reported in Table 1, as well as the

Table 1

The quadrupolar angular functions, their associated n-electron angular and Stevens equivalents operator. The last column gives the expressions for

the angular distribution expansion coefficients (see text). The summations are over the 4f electrons and aJ is the Stevens second order multiplying

factor

Real angular function n-electrons operator Equivalent operator Distribution coefficient

Q0
2 ¼ 4

ffiffiffi
p
5

r
Y 0

2 ðy;jÞ
Q̂0

2 ¼
Pn

j¼1 Q0
2ðyj ;jjÞ aJ 3J2

z � JðJ þ 1Þ
� �

¼ aJ O0
2 c02 ¼

5

16p
aJ/O0

2S

Q2
2ðy;jÞ ¼

ffiffiffiffiffiffi
8p
15

r
½Y 2

2 ðy;jÞ þ Y�2
2 ðy;jÞ� Q̂2

2 ¼
Pn

j¼1 Q2
2ðyj ;jjÞ aJ J2

x � J2
y

h i
¼ aJ O2

2 c22 ¼
15

16p
aJ/O2

2S

Qxyðy;jÞ ¼ i

ffiffiffiffiffiffi
2p
15

r
½Y�2

2 ðy;jÞ � Y 2
2 ðy;jÞ�

Q̂xy ¼
Pn

j¼1 Qxyðyj ;jjÞ aJ

JxJy þ JyJx

2

	 

¼ aJ Pxy cxy ¼ 15

4p
aJ/PxyS

Qyzðy;jÞ ¼ �i

ffiffiffiffiffiffi
2p
15

r
½Y�1

2 ðy;jÞ þ Y 1
2 ðy;jÞ�

Q̂yz ¼
Pn

j¼1 Qyzðyj ;jjÞ aJ

JyJz þ JzJy

2

	 

¼ aJ Pyz cyz ¼

15

4p
aJ/PyzS

Qzxðy;jÞ ¼
ffiffiffiffiffiffi
2p
15

r
½Y�1

2 ðy;jÞ � Y 1
2 ðy;jÞ�

Q̂zx ¼
Pn

i¼1 Qzxðyj ;jjÞ aJ

JzJx þ JxJz

2

	 

¼ aJ Pzx czx ¼ 15

4p
aJ/PzxS
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definitions which are then obtained for the angular
distribution coefficients.

2.2. Magnetoelastic couplings

The magnetoelastic phenomena in rare-earth com-
pounds are commonly described using a single-ion
Hamiltonian and restricted to quadrupolar order. This
term appears as a strain derivative of the crystal field
term. For a cubic system this magnetoelastic Hamilto-
nian reads as

Hme ¼ � Bgðeg1O0
2 þ

ffiffiffi
3

p
eg2O

2
2Þ

� Beðee1Pxy þ ee2Pyz þ ee3PzxÞ;

where the emn are cubic symmetrised strains [6] and the Bm

the magnetoelastic couplings. This term has to compete
with the elastic energy defined through the C

m
0 s back-

ground elastic constants. The strain being a macroscopic
variable, its equilibrium value can be related to the
statistical values of the quadrupolar operators by
minimizing the free energy. For instance, the tetragonal
strain mode is then linearly related to /O0

2S:

eg1 ¼
2

3
ðlJ � l>Þ ¼ Bg

C
g
0

/O0
2S ð1Þ

eg1; lJ and l> are the strains respectively parallel and
perpendicular to the (Oz) fourfold axis.

The ratio Bg=C
g
0 can be determined from magnetos-

triction measurements in the paramagnetic range (the
so-called parastriction), using the linear high tempera-
ture part of the H=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lJ � l>

p
plot [7].

Measuring the strain is then a means for determining
the value of O0

2

� �
: The strain can be determined by

measuring macroscopic length changes affecting the
sample. The above expression of the strain, which is
adapted to a single site treatment (in order to describe a
paramagnetic situation for instance), has then to be
adapted to ordered situations in which all rare-earth
sites do not necessarily carry the same quadrupolar
moments. In such cases the macroscopic strain can be
related to the zone centre components only and there-
fore

eg1 ¼
Bg

C
g
0

O0
2ð0Þ

� �
;

where O0
2ð0Þ

� �
is the zone centre component of O0

2

� �
:

That is, for systems with a single site per cell, the average
value of O0

2

� �
on the crystal.

2.3. Multipolar X-ray scattering

We consider the simple Thomson scattering of X-rays
by the 4f electrons of a rare-earth ion. The scattering
amplitude reduces to the Fourier transform of the
electrons distribution over the atomic state. Decompos-
ing this amplitude into a sum of terms related to the 4f

multipolar operators, one obtains for the quadrupolar
term (here in Thomson electron units) [8]

A2ðQÞ ¼ aJF2ðQÞ 1

2
3

Q2
z

Q2
� 1

 �
O0

2

� �	
þ 3

2

Q2
x � Q2

y

Q2

 !
O2

2

� �
:

þ 6
QxQy

Q2
Pxy

� �
þ cp

 �

; ð2Þ

where Q ¼ ðQxQyQzÞ is the scattering vector, aJ the
Stevens multiplying factor and F2ðQÞ the quadrupolar
form factor which corresponds to a radial integral over
the 4f electronic distribution rðrÞ:

F2ðQÞ ¼ 5

2

Z
3 cosðQrÞ

Q2r2

	

þ 1� 3

Q2r2

 �
sinðQrÞ

Qr



rðrÞr2 dr:

In contrast with the usual spherical scattering, this
aspherical form factor cancels for Q ¼ 0 and is
maximum at intermediate scattering angles.

An X-ray reflection should then include a quadrupo-
lar contribution, provided the scattering vector agrees
with the quadrupolar wave vectors. However, the
maximum contribution to the scattering amplitude is
restricted to a few hundredths Thompson electrons
which is not easy to detect. Actually, the quadrupolar
scattered intensity may be observed only if not super-
imposed with a strong reflection. This is what will
happen in case the ordering introduces a new charge
periodicity related to quadrupolar wave vectors out
from the zone centre. The X-ray scattering technique
thus appears as complementary to the magnetostriction
measurements which are sensitive to zone centre
components only.

3. Application to NdMg

The CsCl-type compound NdMg orders antiferro-
magnetically at TN ¼ 61K and displays a second
magnetic transition at TR ¼ 35K. The transition at TR

corresponds to a change from a collinear structure
(phase I, label I on Fig. 1), at high temperature, to a
multiaxial one (phase II, label II on Fig. 1), at low
temperature [9]. As it is clearly shown in Fig. 1, they
determine a tetragonal symmetry lowering, only one
fourfold symmetry axis being preserved in the ordered
states. A more detailed analysis can be developed in
order to explicit the 4f charge consequences of the
magnetic order [10].

Within phase I, described by a unique wave vector
[0 0 1/2] propagating a magnetic moment component
along [0 0 1], only one quadrupolar component is
ordered. At any j site

O0
2

� �
j
¼ O0

2ð0Þ
� �

¼ Q0:
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Phase II, is multiaxial, being described by two

Fourier components: m1 ¼ 1=
ffiffiffi
2

p
0 0

� �
;with wave vec-

tors k1 ¼ ½1=2 0 0� and m2 ¼ 0 1=
ffiffiffi
2

p
0

� �
; with wave

vector k2 ¼ ½0 1=2 0�: One can deduce that, for the j site
located at Rj; two quadrupolar components are ordered:

O0
2

� �
j
¼ O0

2ð0Þ
� �

¼ �1
2Q0;

Pxy

� �
j
¼ 1

4½Q0 � Q1�eiqRj ¼ PxyðqÞ
� �

eiqRj

with q ¼ ½1=2 1=2 0�: ð3Þ

The zone centre component is the same O0
2

� �
in the

two phases, but with an opposite sign. The so defined
tetragonal strain mode (see Eq. (1)) should also change
sign at TR:

A zone boundary components PxyðqÞ
� �

; potentially
detected by X-ray diffraction, exists only in phase II,
with wave vector [1/2 1/2 0].

3.1. Measurement of spontaneous magnetostriction

The lattice symmetry lowering which develops at the
onset of a magnetic and/or orbital order determines the
partitioning of the sample into domains. The apparent
sample strain tends to cancel and no reliable informa-
tion can be obtained from dilatometric measurements.
To overcome this difficulty, one has to act on the
domain partition through some external stress. On a
magnetic system, applying a magnetic field is more
practical and versatile (in direction) than applying a
mechanical stress. Indeed, for a given direction of the
applied field the magnetostriction domains should have
different energies. This is obvious in case of a
ferromagnetic order but also applies for antiferromag-

netic or quadrupolar order via the magnetic first-order
susceptibility tensor.

Acting through differences in susceptibility is a priori
less effective than playing directly with the ferromag-
netic components. It may require rather high magnetic
fields and the ability of rotating the sample (or field) in
order to get a maximum susceptibility contrast between
domains. These are two features of the magnetostriction
setup in the Louis–Néel laboratory. This apparatus uses
the capacitance method for magnetostriction measure-
ments in the temperature range 1.5–300K and in
magnetic fields up to 6.5 T. As a result of a vertical
rotation axis, the angle between the probed sample
direction and the horizontal field can be adjusted
between 01 and 3601.

To characterise the tetragonal magnetostriction
modes of NdMg, one has to determine the relative
changes in length, lJ and l>; respectively parallel and
perpendicular to the preserved fourfold axis. Two
phases, I and II, are to be investigated and therefore
four different strains need to be measured: l>ðIÞ; lJðIÞ;
lJðIIÞ and l>ðIIÞ:

As the system becomes tetragonal instead of
cubic, the magnetic first order susceptibility is no
longer isotropic and is defined by two independ-
ent values: wJ and w>; the susceptibilities respectively
parallel and perpendicular to the fourfold axis.
In an antiferromagnet, the maximum susceptibility is
obtained for a field acting perpendicularly to the
magnetic moment direction. Thus, in phase I, where
the magnetic moments are parallel to the fourfold axis,
one can expect that wJow> whereas, in phase II, in
which moments are perpendicular to the fourfold axis,
w>owJ:

Fig. 1. The spontaneous tetragonal strain of NdMg measured under magnetic fields of 2, 4 and 6T (see text for the field orientation). The inserted

drawings are sketches of the magnetic structures in phases I and II. The right scales give directly the O0
2

� �
value (see text).
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This is the starting point for a domain selection
strategy. To detect changes in length developing along
a fourfold axis, the sample was glued so that a cube’s
fourfold axis, [001], was aligned with the capacitance
sensitive direction. The horizontal plane in which the
magnetic field can be rotated was defined by putting
the twofold axis [110] horizontal, together with [001].
The expected domain selection and the identification
of the detected strain are summarised in Table 2. One
observes that all the four quantities sought should be
accessed. This obviously relies on the effectiveness of the
field in selecting domains. Whether the applied field is
strong enough in amplitude to achieve the domain
selection is a question which can be solved only
experimentally.

The measurements where carried out under constant
field while decreasing the temperature from the para-
magnetic state. The results of the study are condensed in
Fig. 1, which shows, lJ � l> as a function of the
temperature, for various applied fields. One immediately
notes the 2T curve shows lower amplitude for the
magnetostriction phenomena than the 4 and 6T curves.
This reflects the imperfect domain selection achieved for
this field value. To the contrary, the 4 and 6T curves are
quite similar, demonstrating that total domain selection
has been reached. As expected from our prior analysis,
the sign of eg1 changes while crossing TR: The right scale
of the plot in Fig. 1 gives directly the value of the
ordered quadrupolar moment O0

2

� �
according to Eq. (1)

and using a 4.5	 10�4 value for Bg=C
g
0 (Dr J. Rouchy,

unpublished)

3.2. Multipolar X-ray scattering experiments

Two rounds of experiments were performed at the
ESRF, BM2 beamline, using the 7-circles goniometer
and a closed-cycle helium refrigerator. The results of the
first round have been already published elsewhere [11]
and we will focus here on the second one. A rather short
X-ray wavelength l ¼ 0:8952 Å, well above the Neody-
mium L absorption edges, has been used. To reduce the
X-ray photons background and improve the Q resolu-
tion, a Ge(111) analyser was mounted in front of the
detector. The measurements were performed with a
vertical scattering plane, in back scattering conditions.

The [100] surface of the NdMg single crystal was
prepared by cleaving. The sample was installed with the
[110] direction along the goniometer j axis. In such
conditions, (hk0) reflections (h and k positive) could be
obtained with same X-rays incident and emerging angles
with respect to the crystal surface.

The sample was then cooled down to the minimum
available temperature, T ¼ 18:5K, within the tempera-
ture range of phase II. As already observed [11], it
appeared that the low temperature tetragonal strain was
large enough to resolve the peaks associated with the
three magnetic domains. In order to detect ðn=2 m=2 0Þ
charge satellites, the investigation was restricted to the
domain where [0 0 1] is the preserved fourfold axis. The
search for the quadrupolar reflections was then orga-
nised through (h; k) scans, parallel to the [110] direction,
across the expected positions. The accumulated count-
ing time was typically half an hour per point. Fig. 2,
shows the result of the scan across the [5/2 3/2 0] position
at T ¼ 18:5K together with its equivalent in the
paramagnetic range. The quadrupolar peak is clearly
defined at 18.5K and, as expected, is absent at 73K.

In an attempt at a quantitative analysis, the intensities
of the satellites were linearly calibrated after the ones
obtained for neighbouring lattice reflections scanned in
equivalent conditions. This is a rather delicate approach
since there are five orders of magnitude in between the
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1.7

1.8

1.9

T = 18.5 K

NdMg
[5/2 3/2 0]

2.2

2.3

2.4

2.5

2.496 2.498 2.5 2.502 2.504

co
un

ts
/m

on
 x

10
5

h, (k+1)

T = 73 K

Fig. 2. Upper part: scan along the [110] direction across the [5/2 3/2 0]

quadrupolar reflection at T ¼ 18:5K, within the double-k ordered

phase of NdMg. The line is a lorenztian+linear background fit to the

peak. Lower part: equivalent scan above the Néel temperature at

T ¼ 73:

Table 2

Scheme of determination of the tetragonal strain, in phases I and II,

via a magnetic field domain selection

Field

direction

Domains

4-fold

axes in I

Domains

4-fold

axes in II

Strain

along [001]

[001] [100], [010] [001] l>(I), lJðIIÞ
[110] [001] [100], [010] lJðIÞ; l>(II)
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two kinds of reflections. In particular, this supposes that
the phenomena of extinction, which affects strong
reflections, is negligible. Within this assumption, the
scattering amplitude for the measured quadrupolar
satellites could be defined in terms of Thomson
electrons. After Eqs. (2) and (3), in the context of phase
II, the theoretical quadrupolar scattering amplitude
should read as :

A2ðQÞ ¼ aJF2ðQÞ6 hk

h2 þ k2 þ l2
PxyðqÞ
� �

: ð4Þ

In order to eliminate the dependence on the diffrac-
tion indices (h; k; l), the experimental values of scattering

amplitude were divided by hk=h2 þ k2 þ l2 and then
plotted versus sin y=l on Fig. 3. Despite the very large
error bars, due both to the statistics and to the
dispersion of the calibration on lattice reflections, one
observes the expected decrease of the amplitude for low
scattering angles and the maximum at intermediate
angles. To extract a value for the ordered quadrupolar
component Pxy

� �
¼ 7 PxyðqÞ

� �
a fit to the experimental

results, using the quadrupolar form factor of Nd3+ of
Ref. [8], was superimposed to the plot. The fit yields:
PxyðqÞ
� �

¼ 2:570:5:
The experimental maximum of the form factor

appears to be shifted toward lower values of scattering
angle with respect to the theoretical one. The most
straightforward explanation for this discrepancy is
that the theoretical form factor used here is derived
from non-relativistic Hartree–Fock wave functions.
Accounting for relativistic effects should result in a
more spatially extended 4f electronic distribution,
then in form factors pushed to lower scattering
angles [12].

By lack of beam time no diffraction data were
collected in phase I. Checking the expected absence
of multipolar X-ray peaks for this phase (cf. introduc-
tion of this section) would have required to identify
again the lattice reflections from three types of
tetragonal domains. This, together with the large
counting time necessary (at least 20min per point),
would have cost much more time than available.
Therefore, it was decided to check the disappear-
ance of the multipolar satellites directly within the
paramagnetic phase at T ¼ 73K (for instance, Fig. 2
lower part), with the simplification of a purely cubic
lattice.
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Fig. 3. The quadrupolar scattering amplitude, multiplied by ðh2 þ
k2 þ l2Þ=ðhkÞ; as a function of sin y=l: Black dots: The experimental

data for the indicated reflections. The open dots are from previous

measurements [11]. Solid line: a theoretical curve calculated for

Pxy

� �
¼ 2:5 after Eq. (4).

Fig. 4. Sketches of the quadrupolar angular 4f distributions in phase I, at T ¼ 36K ( O0
2

� �
¼ 10), and in phase II, at T=18.5K ( O0

2

� �
¼ �7;

Pxy

� �
¼ 72:5).
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4. Discussion

Fig. 4, shows schematic representations of the 4f

quadrupolar angular distributions in phase I and II, as
defined by the experimentally determined values of O0

2

� �
and Pxy

� �
: One has to be aware that the aJ Stevens

factor for Nd3+ is negative, which means the repre-
sented angular electronic densities describe a lack of
electrons. To get a more realistic picture, the negative
quadrupolar distribution should be combined with the
main, positive and spherical, one. Then, in apparent
contrast with Fig. 4, the actual angular distribution in
phase I would be minimum along the z; vertical axis.
This type of representation has been chosen because the
quadrupolar correction to the spherical situation is a
small one; replacing the drawings of Fig. 4 with plots
including the spherical term would have resulted in quite
unclear sketches.

The main criticism which may be put forward against
this study regards the determination of the Pxy

� �
value

from X-ray measurements with the above-mentioned
calibration problem. Theoretical values of Pxy

� �
may be

computed in a mean field approach, starting from a
reasonable crystal field scheme. The obtained values
result about two times larger than the experimental one.
At this stage, it is impossible to decide in favour of
experiment or theory, but the question of defining a
calibration method for X-ray reflections five orders of
magnitude smaller than typical lattice reflections is to be
investigated.

However, regardless of quantitative aspects, X-ray
multipolar scattering has been established as an efficient
probe of 4f distributions which do not respect the initial
lattice translations. Such experiments can provide
valuable, although indirect, information about the

magnetic structure. For instance, in NdMg, the ex-
istence of a charge /1/2 1/2 0S wave vector is a proof of
the multiaxial nature of phase II. More recently, we used
this technique for determining the magnetic structure of
TbMg [13].

The quantitative determination of the quadrupolar
zone centre components from magnetostriction mea-
surements seems more reliable. Regarding this techni-
que, the main difficulty lies in the definition of a strategy
for acting on the domains distribution. This may
become very delicate in case of an unknown magnetic
structure.
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